Abstract-Of the various types of single-phase-to-three-phase static converters used to interface a three-phase motor to singlephase supply, one simple type uses an open delta connection of a sinusoidal supply and a pulsewidth modulated (PWM) waveform to feed the motor. This paper presents an analysis of the performance of the three-phase motor when fed from such an asymmetrical supply. The analysis is based on the steady-state approximate-equivalent circuit of the motor, using the method of symmetrical components. The analysis is directed toward prediction of motor phase and line currents, along with the nature of generated torque. The computer-simulated waveforms are presented and compared with results from tests on a laboratory setup.
I. INTRODUCTION
T HREE-PHASE induction motors are an attractive alternative to their single-phase counterparts in most applications. This is because the three-phase motors, in comparison with single-phase motors, have superior operating characteristics, such as high starting torque, low starting current, high efficiency, better power factor, etc. They are also more economical than their single-phase counterparts. However, in many situations, only a single-phase supply is available, and a typical solution for operating the three-phase motor has been through the use of a single-to-three-phase converter interface. This is particularly true of rural and remote areas, where a single-phase supply line is preferred by the electricity authorities for economical reasons, while the consumers prefer three-phase pumps or motors for their benefit. In a traction application, on the other hand, there is no alternative to a single-phase supply from the traction system. Even if this is acceptable for the traction motors (which are commonly dc motors operating from rectified supply), the auxiliary equipment, consisting of pumps, fans, and air conditioners, use three-phase motors. Thus, the single-to-three-phase converter is indispensable.
Phase conversion equipment has been designed either with rotary equipment or passive equipment, like capacitors and magnetic circuit, in the past. Static phase converters using controlled power semiconductor devices have now become common, due to lower cost, size, and better performance of the connected motor. Several types of static phase converter circuits have been developed, with varying performance and circuit complexities [1] - [6] . Of these, a new simple static phase converter topology [4] uses a synthesized supply phase, displaced by 120 from the available single-phase supply, such that the two supplies can be joined together in an open delta connection to feed the three-phase induction motor load. As shown in Fig. 1(a) , the synthesized phase is a pulsewidth modulated (PWM) waveform generated by a static single-0093-9994/98$10.00 © 1998 IEEE phase inverter, from the rectified (and filtered) single-phase supply. Thus, the motor has a unique open delta supply system, consisting of a sinusoidal waveform between two lines and a PWM waveform between two other lines (one line being common to both waveforms). The synthesized PWM waveform is selected to have a fundamental equal to that of the sinusoidal supply and minimum magnitude of lower order harmonics. The detailed operation of the phase converter has already been discussed in the literature [4] .
A later developed version of the asymmetrical converter using open delta connection utilizes a very simple power circuit with a minimum number of components [6] . As shown in Fig. 1(b) , the rectifier stage uses a voltage doubler circuit, which is connected to a half-bridge inverter that is similar to the earlier topology of Fig. 1(a) . The elimination of the autotransformer reduces the weight and cost of the system, but the facility of balancing the motor supply or matching the motor to a given supply are lost.
This paper presents an analysis of the performance of an induction motor fed from such an asymmetrical phase converter supply. The analysis has been carried out using the methods of symmetrical components.
II. SYSTEM MODEL
In order to obtain a quick understanding of the motor behavior in this case, it is easier to analyze the system under steady state. It is assumed that there is no magnetic saturation and that the motor has perfectly balanced windings without space harmonics. Core loss and other approximately constant losses do not affect torque and, hence, can be modeled by a resistor network across motor terminals, if desired. Skin effect and motor parameter variation with temperature are neglected, and the system is assumed to be linear, such that the superposition theorem can be applied for each harmonic effect. Also, it is assumed that all static switches are ideal, and the rectified dc voltage is constant.
A simplified model of the system is depicted in Fig.  2 , which shows the synthesized supply of PWM voltage connected to the available sinusoidal single-phase supply in open delta and supplying power to the three-phase motor load. Here, it is assumed that the fundamental voltage of the synthesized supply is the same in magnitude to that of the available supply, except being phase displaced by 120 . This is to ensure balanced fundamental flux in the machine and reduced torque pulsations. For this purpose, the inverter PWM pattern and the dc-link voltage will have to be fixed (with the help of tappings on the autotransformers, if necessary). Thus, the present system is unique in the sense that it can be resolved into two different supply systems: 1) a balanced three-phase supply of voltage equal to available single-phase supply at fundamental frequency and 2) a single-phase supply of harmonic voltages across one pair of lines (from the synthesized phase). The harmonic voltages, however, will continue to be represented by a single-phase supply, as in the earlier case.
However, if the fundamental voltage of the synthesized phase is different from that of the sinusoidal line, then it generates unbalanced fundamental flux. This condition can be analyzed by representing the system model at fundamental frequency by a balanced three-phase supply system and an additional source of fundamental frequency across one pair of lines (from the synthesized phase). The harmonic voltages, however, will continue to be represented by a single-phase supply, as in the earlier case.
III. MACHINE ANALYSIS

A. Fundamental Current Analysis
As discussed earlier, under balanced fundamental supply, the fundamental quantities constitute a balanced three-phase supply and, hence, the analysis of its effects on the motor can be carried out using the stator-referred per-phase equivalent circuit shown in Fig. 3 , as usual. The results can be superimposed to that obtained from harmonic current analysis to get the total effect.
However, if the fundamental supply system is unbalanced, then the system model is first represented by a balanced threephase supply of line-to-line voltage magnitude equal to that of the sinusoidal supply. Since the synthesized phase has an actual fundamental magnitude different from this value, the difference in fundamental is represented by a voltage source across the lines to which the synthesized phase is connected. Thus, the difference in fundamental voltage source can be treated as a separate unbalanced supply system and analyzed in the same way as the harmonics (with , as discussed in the following section. The final instantaneous current in this case will be obtained by superimposing the results obtained from balanced fundamental analysis, the result from the unbalanced component of fundamental, and the result from harmonic analysis. 
B. Harmonic Current Analysis
With regard to the injected harmonics from the synthesized supply, the nature of the problem is a special case of unbalanced operation of an induction motor, since harmonics are injected only across one pair of motor terminals. Different methods of analysis are available in the literature, but the method of symmetrical components [7] , [8] is used to simplify the analysis. This permits the resolution of the given unbalanced voltages into positive-, negative-, and zerosequence components, which, when reduced to per-phase values, may be considered to act independently upon each of the balanced phases of the motor. This sets up corresponding sequence current of the th harmonic order, which, when superimposed together, generates the resulting th harmonic current through each motor phase. Finally, all the individual components of harmonic currents and fundamental current of each phase can be superimposed with regard to instantaneous values to obtain the instantaneous current of each phase of the motor.
Since most of the motors are run in delta connection, the case of a delta-connected motor is selected arbitrarily for analysis of the harmonic current generated from the PWM supply, the harmonic voltage content of which is known. Since the superposition theorem is being applied, the harmonic equivalent circuit of the system will be as depicted in Fig. 4(a) with finite source impedances. If a star-connected motor is selected, the analysis will proceed on a similar path. With respect to Fig. 4(a) , the following equations can be written:
where o, , and are the symbols for zero, positive, and negative components, respectively, and " " is the operator, as usual, of symmetrical component analysis. and are the reciprocals of and respectively, while and are the motor sequence admittances. Substituting (6)- (8) 
Substituting (4) in (1) and simplifying, (13) Substituting (7), (10) , and (11) in (13) and simplifying,
Substituting (2) in (5), (15) Substituting (6), (9) , and (11) in (15) and simplifying, In practice, the source impedances may be neglected, particularly for the synthesized phase (due to the presence of a stiff dc bus of the inverter). On the other hand, the effect of source impedance is to change the distribution of harmonic current flow through the motor windings that appear in parallel to them in the equivalent circuit. The lower order harmonics are kept low by the careful selection of the PWM pattern. Thus, any changes in the current distribution by neglecting the source impedance will not reflect on the actual motor current to a significant level. At higher harmonics, both source and motor relative current distribution does not change significantly, while the higher impedances keep the higher harmonic currents to low values. Thus, the source impedances can be neglected to simplify the analysis, without a major change in the overall superimposed current pattern. In this case, the symmetrical components of harmonic voltages are obtained as Note that the zero-sequence component is absent, as per (12). The equivalent circuit in this case is shown in Fig. 4(b) , where it is clear that no harmonic current will flow through , since it is shorted by the presence of the available supply without source impedance. Even if source impedance is considered, its value will be less than the motor phase impedance and, hence, only a small current can flow through So far as any of these sequence components is concerned, the motor will behave the same way as if a balance voltage is applied across its three line terminals. This permits the analysis to be carried out using corresponding per-phase steady-state equivalent circuits. The harmonic equivalent circuit for positive-and negative-sequence components will not be the same, since the slip frequency has to be considered according to the direction of the rotation of the corresponding flux components. Thus, 
The th-order harmonic equivalent circuit of the induction motor to corresponding positive-and negative-sequence harmonic voltage is shown in Fig. 5 . The instantaneous-sequence component currents for each th-order harmonic are calculated using the corresponding harmonic equivalent circuit.
C. Phase and Line Currents
Continuing the assumption of a delta-connected motor, the motor instantaneous phase currents can be obtained by superposing the results of fundamental analysis and harmonic analysis. Considering the approximate equivalent circuit of Fig. 3 
D. Torque Computation
The instantaneous torque can be easily expressed in terms of the corresponding two phase current quantities [9] instead of the actual three phase quantities. Thus, the torque is given by (31) It can also be shown [9] where and are the equivalent two phase quantities of the actual three phase variables and , and is the number of pole pairs.
The balanced fundamental current flow will result in the development of a steady torque in the motor. The presence of harmonic currents will, however, result in the development of two types of harmonic torques: 1) a steady torque due to the interaction of a harmonic current with harmonic flux of the same order and 2) an oscillatory torque (with zero average value) due to the interaction of a harmonic current with harmonic flux of different order. The steady harmonic torques will be negligible due to two reasons: 1) harmonic currents and harmonic flux will both be of relatively small magnitudes compared to fundamental, while 2) the forward torque produced by positive sequence components will be partially canceled by the reverse torque produced by negativesequence components. The oscillatory torque produced by the interaction of harmonic currents with the fundamental flux (the most significant flux in the machine) will be most predominant and, hence, this is the only torque pulsation being considered for analysis here. Thus, the general torque equation for the motor can be written as The negative-sequence components of harmonic voltage which form a balanced three-phase supply can be expressed as
Proceeding as earlier, the equivalent two phase currents can be expressed as
The instantaneous value of torque can be obtained by substituting (45)- (48), (52), (53), (57), and (58) in (38).
IV. SIMULATION
In order to verify the mathematical analysis, the system was simulated on a digital computer, so as to obtain instantaneous waveforms of line-to-line voltage, line currents, and torque as per the analysis procedure. A fixed PWM pattern was selected for this purpose (as shown in Fig. 6 ), such that it has reduced low-order harmonics without involving highfrequency switching. The PWM steps occur at angles 10.46 18.84 37.67 and 41.86 respectively, in the first quarter cycle and symmetrically thereafter. This has resulted in a fundamental peak of 106% of the dc-link voltage and less than 3.5% of harmonics up to the seventh. For the purpose of simulation, harmonics up to the 101st was considered to be adequate, since higher harmonics have negligible effect. A 1-hp motor, available in the laboratory, was selected for use in verification of analytical results. The motor equivalent circuit parameters were measured and used in the analysis. The motor was connected in delta to be operated from a 110-V line voltage. Thus, the sinusoidal voltage supply was selected to be 110 V-rms, while the dc-link voltage was adjusted to 293.5 V, so that the PWM waveform generates a fundamental of rms value 110 V through the half-bridge inverter. All these conditions were assumed for simulation and actually maintained during experimentation. The flow chart for the computer program developed for such purposes [10] , [11] is given in Fig. 7 . The computation is carried out with an efficient handling of several files and subroutines [10] , [11] . Subroutines, such as HARMO (to find different harmonic voltages corresponding to a PWM pattern), VOLTT (to find the positive-and negative-sequence harmonic voltage, reactances, and modified rotor resistances owing to different magnitudes of slips), STACUR (to compute the -phase current in complex or phasor form), CURPH (to find the nature of all instantaneous three phase currents, storing them in files to be plotted when necessary), FLINK (to compute flux linkages, e.g., and TORQP (to compute torque owing to positive-sequence currents), and TORQN (to estimate torque owing to negative-sequence currents) are invoked in proper places in the main program, as shown in the flow chart.
which represents the order of harmonic to be considered is incremented by 2 in subsequent steps to account for the effect of odd harmonic order (the even order being absent), thus speeding up the execution. An indicator "INDI" is set to "0" for fundamental, "1" for positive-sequence, and "2" for negative-sequence calculations in the program. In different cases, for example, in order to compute torque, current, etc., the status of "INDI" is tested first and, accordingly, program control is directed to corresponding structure (i.e., group of equations). Initially, "INDI" is set to 0 for computations of fundamental quantities, and then, for every higher harmonic order, "INDI" assumes "1" to compute all positive-sequence quantities and "2" for negative-sequence quantities. Calculations continue until (the running order of harmonics) exceeds (the maximum order to be taken into account). For the present study, up to 101st harmonic order is considered. The resultant torque pattern is stored in the file RTOR.DAT, which is created by summing up all positive-and negativesequence torque up to the 101st order of harmonics. The individual torque nature can be had from the file TOR.DAT.
The simulated results are depicted in Figs. 8-11 . The impressed line-to-line voltages are shown in Fig. 8 , while the resulting line current simulation is shown in Fig. 9 . A sample torque pattern produced due to the interaction of eleventh harmonic current with fundamental flux is shown in Fig. 10 . The simulated pattern of the developed torque is shown in Fig. 11 for the condition of a partially loaded motor.
V. EXPERIMENTAL RESULTS
An experimental setup was made to verify the simulated results under identical conditions. The converter topology shown in Fig. 1(a) was used, such that the fundamental voltage to the motor can be balanced through the transformer tappings [4] . The inverter was made using bipolar power transistors and the PWM pattern selected (Fig. 6 ) was stored in an electrically programmable read-only memory (EPROM) in the control logic. The EPROM output was phase locked at an angle of 60 (i.e., 120 lead) with respect to the supply line, such that the synthesized phase output creates an open delta connection with the incoming supply. A variac was connected to the incoming single-phase line and the voltage was gradually built up through the variac to overcome high starting currents, which would have otherwise required a separate starting arrangement [4] .
An analog computation circuit was used [9] to calculate the torque developed by the motor, as shown in Fig. 12 . This utilizes the actual instantaneous line currents and voltages of the motor for the torque calculation, using the equivalent circuit parameters. Fig. 15 . The close similarity between the simulated and experimental waveforms proves the validity of the analysis. The difference noticed can be contributed to the following: 1) the actual machine not being a perfectly linear system; 2) no-load loss component of current being neglected in the simulation; 3) consideration of harmonics only up to the 101st order; 4) finite source impedances.
VI. CONCLUSION
This paper has presented the analysis of the line current and developed torque of a three-phase motor when fed from a unique asymmetrical supply from a type of single-to-threephase static converter. The system, consisting of one sinusoidal supply and a PWM supply connected in open delta to the motor, has been shown to be equivalent to a balanced threephase supply at fundamental frequency and a set of balanced positive-and negative-sequence components of harmonics. Thus, the individual components of current can be calculated using a per-phase equivalent circuit and the results superim- posed to obtain the resulting current. The developed torque has been shown to be consisting of a steady value due to a fundamental component and an oscillating component due to harmonic, resulting in torque pulsations. The exact nature of pulsation, however, depends upon the amount of harmonics, i.e., on the exact PWM pattern. The simulation results based on the mathematical analysis are found to be in fairly close agreement with the actual waveforms, confirming the validity of the analysis. During simulation, it was assumed that source impedances are negligible and the fundamental supply is balanced. However, the analysis under conditions of finite source impedance and unbalanced fundamental supply have also been discussed.
